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1. Motivation



Why Distributional RL?

1. Why restrict ourselves to the mean of value distributions?

i.e. Approximate Expectation v/s Approximate Distribution

QW(ZB, a) i [ Z’th(xt,at)]

xy ~ P( | Ti_1,00-1),ar ~ (- | 2¢), 20 = x, a0 = a.




Why Distributional RL?

1. Why restrict ourselves to the mean of value distributions?

i.e. Approximate Expectation v/s Approximate Distribution

QW(ZB, a) i [ Z’th(xt,at)]

xy ~ P( | Ti_1,00-1),ar ~ (- | 2¢), 20 = x, a0 = a.

2. Approximation of multimodal returns?



Why Distributional RL?
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Motivation

e Poor theoretical understanding of distributional RL framework
e Benefits have only been seen in Deep RL architectures and it is not known if

simpler architectures have any advantage at all



Contributions

e Distributional RL different than Expected RL?



Contributions

e Distributional RL different than Expected RL?
o Tabular setting 3¢



Contributions

e Distributional RL different than Expected RL?
o Tabular setting 3¢
o Tabular setting with categorical distribution approximator x



Contributions

e Distributional RL different than Expected RL?
o Tabular setting 3¢
o Tabular setting with categorical distribution approximator x
o Linear function approximation x



Contributions

e Distributional RL different than Expected RL?
o Tabular setting 3¢
o Tabular setting with categorical distribution approximator x
o Linear function approximation x
o Nonlinear function approximation J



Contributions

e Distributional RL different than Expected RL?
o Tabular setting 3¢
o Tabular setting with categorical distribution approximator x
o Linear function approximation x
o Nonlinear function approximation «

e Insights into nonlinear function approximators’ interaction with distributional
RL
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2. Background



General Background— Formulation

Q(z,a) = ER(z,a) +yEQ(X', A
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X, A are the random variables

O(s, a) = E[Z(s, a)]
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General Background— Formulation
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3. Possibly stochastic policy
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General Background- Visualization

Q(z,a) =ER(z,a) +YEQ(X',A') — Z(z,a) £ R(z,a) +vZ(X', A')

i! — ~— - —>

Z(z',a") vZ(z',a’) R(z,a) +vZ(x',d)

x' ~ p(- |£E, a), a’ ~ 71'(' |CL"); R(QJ, a) denotes the scalar reward obtained for z % z/transition



General Background: Randomness

Source of randomness Zﬂ- (CE, a)

o Immediate rewards
e Stochastic dynamics +8

e Possibly stochastic policy
o%e)
E : t —



General Background— Contractions?

1. Is the policy evaluation step a contraction operation?
Can | believe that during policy evaluation my distribution is converging to the
true return distribution?

2. Is contraction guaranteed in the control case, when | want to improve the

current policy?
Can | believe that the Bellman optimality operator will lead me to the optimal

policy?



Policy Evaluation Contracts?

Is the policy evaluation step a contraction operation?
Can | believe that during policy evaluation my distribution is converging to the true

return distribution?

Formally— given a policy 71 do iterations/ <— '™/ convergeto Z™ ?



Contraction in Policy Evaluation?

Given a policy 7 do iterations Z <— T'™ Z convergeto Z™ ?

dp(ﬂzl(xaa%'rﬂz?(xa a))
=dp(R(z,a) + yP" Z1(z,a), R(z,a) + YP" Z2(z,a))



Detour— Wasserstein Metric

1 1/p
Defined as, d,(F,G) = (/ |F~*(u) — G_l(u)|pdu)
0

where F' and G are inverse CDF of F

and G respectively
Maximal form of the Wasserstein,

Jp(Zl, Z3) :=supdy(Zi(z,a), Za2(z,a)).

T,a

Where Z,,Z, € Z and Z denotes the
space of value distributions with

bounded moments

eeeeeeeeeeeeee



Contraction in Policy Evaluation?

Given a policy 7 do iterations Z <— T'™ Z convergeto Z™ ?

dp('TqTZl(:I:,a),'TﬂZQ(:I:, a))
=dp(R(z,a) + yP" Z1(z,a), R(z,a) + YP" Z2(z,a))
< ~vdp(P" Z1(z,a), P" Z2(z,a)) [dp(A+U, A+ V) < dp(U,V)]

< ysup dy(Zi1(z’,a’), Z2(z',a")), [dp(YU,YV) = ~d, (U, V)]

z’,a’



Contraction in Policy Evaluation?

Given a policy 7 do iterations Z <— T'™ Z convergeto Z™ ?

dP(’Tﬂzl(maa%Tqu?(xa a))
=dp(R(z,a) + yP" Z1(z,a), R(z,a) + YP" Z2(z,a))
< ~vdp(P" Z1(z,a), P" Z2(z,a)) [dp(A+U, A+ V) < dp(U,V)]

< ysup dy(Zi1(z’,a’), Z2(z',a")), [dp(YU,YV) = ~d, (U, V)]

CZp(’]—ﬂZI, Tﬂ.Z?) = Sup dp(TﬂZI(xaa‘), TWZQ(.’II,CL))
<~vsupd,(Zi(z',a’), Zy(z',a))

= ’de(Zla Z2)

Thus, d,(T™2Z,,T"Zs) < Ydp(Z1,Zs).



Contraction in Control/Improvement ?

First give a small background using definitions 1 and 2 from DPRL
Write the equation in the policy iteration of the attached image.
<give equations>

Unfortunately this cannot be guaranteed...

Distributional Bellman optimality operator

TZ(z,a) £ r(z,a) + 72 (e, 7z ()
where 2’ ~ p(+|x,a) and 7z (z') = arg max, E[Z(2/,a’)]

Is this operator a contraction mapping?

7
No! de
It's not even continuous ‘

Glve a similar equation for the policy evaluation also

Thus Tﬂ-has a unique fixed point, and it is Z7T

Policy evaluation:
For a given policy =, iterate // <— T'™ / convergesto /™

Policy iteration:
e For current policy 7T%, compute // ™k
e Improve policy
Tg+1(x) = arg max, E[Z™ (x, a)]

Does /™ converge to the return distribution for the optimal policy?



General Background— Contractions?

2. Is contraction guaranteed in the control case, when | want to improve the

current policy?
Can | believe that the Bellman optimality operator will lead me to the optimal

policy?



Contraction in Policy Improvement?

Starting from a random policy 7, do iterations TZ(z,a) < R(x,a) +vZ(z',a’)
converge to Z* such that Z* <~ TZ* ? x' ~ p(-|z,a),a’ = argmax, 7(a|z’)
7* will be defined by Z*



Contraction in Policy Improvement?

X, X, transition

At x, two actions are possible R=0 y—
r(a, )=0, r(a, ) = e+1 or -1 with 0.5 probability

Assume a,,a,are terminal actions and the environment a, a,
Is undiscounted Xo

What is the bellman update TZ(x,, a,) ?




Contraction in Policy Improvement?

X, X, transition

At x, two actions are possible R=0
r(a, )=0, r(a, ) = e+1 or -1 with 0.5 probability

Assume a,,a,are terminal actions and the environment a, a,
Is undiscounted Xo

What is the bellman update TZ(x,, a,) ?

Since the actions are terminal, the backed up distribution
should equal the rewards

Thus TZ(x,, a,) = €1 (or 2 diracs at €+1 and ¢-1)



Contraction in Policy Improvement?

Recall that if rewards are scalar, then bellman updates are older distributions Z
just scaled and translated

Thus the original distribution Z(x,, a,) can be considered as a translated version
of TZ(x,, a,)

T r2,a1 IT2,0a2

Let Z(x,, a,) be -e+1 Z* ex1 0 et
A etl 0 —e*1
TZ 0 0 e+1

dl(Z, Z*) = dl(Z(ZEQ, CLQ), Z*(ZEQ, CLQ)) — 2¢



Contraction in Policy Improvement?

When we apply T to Z, then greedy action a, is selected, T1  T2,01  T2,02
Z* ex1 0 et1
k %k
di(TZ, TZ") = di(TZ(z1), Z"(x1)) Z e+l 0 —e+1
0 = |

z%ll—e|—|—%|1—l-e|>2€ T2 s

di(TZ,TZ*) > di(Z, Z*)
This shows that the undiscounted update is not a contraction.

Thus a contraction cannot be guaranteed in the control case.



Contraction in Policy Improvement?

So is distributional RL a dead end?



Contraction in Policy Improvement?

So is distributional RL a dead end?

Bellemare showed that if there is a total ordering on the set of optimal policies,
and the state space is finite, then there exists an optimal distribution which is the
fixed point of the bellman update in the control case.

And the policy improvement converges to this fixed point [4]



Contraction in Policy Improvement?

So is distributional RL a dead end?

Bellemare showed that if there is a total ordering on the set of optimal policies, and the state space is finite, then there
exists an optimal distribution which is the fixed point of the bellman update in the control case

Theorem 1 (Convergence in the control setting). Let X’ be

" measurable and suppose that A is finite. Then
Here 7 is the set of value distributions PP ﬁ

corresponding to the set of optimal policies. . .
S a5 2ot of o stationans optime lim inf  dy(Zk(z,0), 2 (2,0) =0 Va,a.
This is a set of non stationary optimal value k—o0 Z**€Z

distributions
If X is finite, then Zy, converges to Z** uniformly. Further-

more, if there is a total ordering < on 11*, such that for any
Z* e Z¥,

TZ*=T"Z* withw € Gz, 1 <7 Vr' € Gz« \ {7}

Then T has a unique fixed point Z* € Z*.



The C51 Algorithm

Could have minimized Wasserstein metric between TZ and Z and hence learn an o
Lemma 7 (Sample Wasserstein distance). Let {P;} be a

a|gorithm_ collection of random variables, I € N a random index
independent from {P;}, and consider the mixture random
variable P = Pr. For any random variable () independent

. . . . OfI,
But learning cannot be done with samples in this case. 4(P.Q) < E 4,(P,Q),

and in general the inequality is strict and

The expected sample Wasserstein distance between 2 distributions is always
VQdP(PIaQ) 7& iiEzI Vde(-Pu Q)

greater than the true Wasserstein distance between the 2 distributions.

Proof. We prove this using Lemma 1. Let A; :=I[I = i].
. We write
So how do you develop an algorithm?

dp(P,Q) = dp(Pr, Q)
=d,(3 4P, Y AQ)
< ZZ dp(AiP;, AiQ)
<Y Pr{I = i}dy(P;, Q)
=E;dp(P;, Q).

Instead project it on some finite supports, (which implicitly minimizes the Cramer
distance between the original distribution thus still approximating the original
distribution while keeping the expectation the same.)

where in the penultimate line we used the independence of

P roject what? Project the u pd ates TZ. I from P; and @ to appeal to property P3 of the Wasserstein

metric.

So now we can see the entire algorithm!



The C51 Algorithm

. ) . Backpropagate the
Algorithm 1 Categorical Algorithm ks if, angN_
A ale e \Eepeat
Bompro e G assuring yon input A transition x4, as, ¢, Ze+1, ¢ € [0,1]
have diracs at each zi 4 Q(xt-i-l 5 a) = Zi Z2;iDi (:L'H.l, a)
a* arg max, Q(.’IIH.] s a) —~»Take a greedy action
This is same as a Cramer Projection m:; =0 1€0.... N—1
which we'll see in the next slide b 2
forje0,..., N—1do
Gipdlts, e dlstbiition (Scale With #fCompute the pI‘OJf/C[lOﬂ of 7 z; onto the support {zi} /
d then translate with zj w—“ . ] Vmax
y and then translate with zj) <~ TZJ (_A[,rt +7tz.7]V_“,s /
: ; — #b; € [0,N —1]
find out the neighbour of TZj g bj « (T2 — Vaw)/Az #b; €0 ) /
L |bj], u+ [bj] P
i T iaie . i on the fo ighbo
# Distribute probability of 7 z; =g R
my < my + p;(Te+1,a*)(u — bj) .
My 4= My + pj (zes1,a%) (b5 — ) /

end for /
Get the CE Loss ¢-——— output — Y. m; log p;(z¢,a;) # Cross-entropy loss 7




C51 Visually

Update each dirac as
o 0z per the distributional
o bellman operator

T

P
|

QQ@?TT T TT?@@@

|
|
|
|
1

v

z1 z2 z3..... zK
The distribute the mass
of misaligned diracs on
the supports


https://en.wiktionary.org/wiki/%CE%B4#Ancient_Greek

Cramer Distance

e Gradient for the sample Wasserstein distance is biased

’X ]ENP [Vowg(ﬁm, QG)] — Vg’wg(P’ QG) > 26_2;

e For 2 given probability distributions with CDFs, F, and F,, the cramer metric
is defined as

(P, Q) = \//R(Fp(:c) — Fp(x))?dx



Cramer Distance

e Attractive metric for distributional manipulations

1. The policy evaluation bellman operator is a contraction in Cramer
distance as well as shown by Rowland et. al. 2018

2. A Cramer projection produces a distribution supported on z which
minimizes the Cramer distance to the original distribution

If the support is contained in the interval [z, z ] then it's trivial to show that Cramer
projection preserves the distribution expected value



Cramer Distance

Now as we saw earlier, in distributional RL we need to approximate distributions

One way to do this is to formulate them as a categorical distribution like C51 did

Given some fixed set z = z1, ...,z € RE with 21 < 2 < ... < zK, a categorical distribution P

with support z is a mixture of Dirac measures on each of the z;’s, having the form

K K
Pez, i= Zaiézi:aiZO,Zaiz
=1 =1

K-1
Then the cramer distance is given as, EQ(FP, FQ) = Z (zi+1 _ Zz)(FP(Zz) _ FQ(Zz'))2

=1

This is same as a weighted Euclidean norm between the CDFs of the 2 distributions.

When the atoms of the support are equally spaced apart, we get a scalar multiple of the Euclidean distance between the vectors of the CDFs
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3. Proof Sequence



Methods

e Compare policy evaluation in expected RL vs dist RL in several settings
(ie tabular, linear approx, non linear approx)

e For each setting, the goal is to show expectation equivalence of expected
version vs an analogous distributional version. Expectation equivalence:

ZEQ < E[Z(z,a)] =Q(z,a) V(z,0) € X x A.

e Wantto show: Z = Qo <= Z; L Q: VteN.
e Use same experience in both



Methods: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Contains Model: (Have full knowledge of the transition model and policy)
i.  No constraint on type of distribution to model returns
ii. Constrain return distributions to being categorical on fixed support
b. Sample Based: (SARSA based updates, i.e. only using samples)
i.  No constraint on type of distribution to model returns
ii. Constrain return distributions to being categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA
(doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have
equivalence but lose it after the first weight update.



Methods: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Contains Model: (Have full knowledge of the transition model and policy)
I.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
b. Sample Based: (SARSA based updates, i.e. only using samples)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA
(doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have
equivalence but lose it after the first weight update.



Proposition 1: Cramer Projection

e If we have a categorical distribution which has support lying between [zl, Zk]
where 21 < 22 < ... < 2t , then Cramer project it onto the support z, then
the expectation will remain.



Proposition 2: Tabular, Model-Based

Z(s,a) and Q(s,a) defined separately for each (s,a)

Expected bellman operator T"Q(z, a) := E(R(z,a)) + 7>, o P('|z,a)7(a’|2")Q(z', ')
Distributional bellman T} Z(x, a) 2 R(z,a) +vZ(X', A") where 2’ ~ p(-|z,a),ad’ ~ 7(-|z’)

Proposition 2:
SU.ppOSG ZO = QO then if Zt+1 = TDZt7 and Qt—|—1 = TﬂQt, then Zt Qt, Vi



Methods: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Contains Model: (Have full knowledge of the transition model and policy)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
b. Sample Based: (SARSA based updates, i.e. only using samples)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA
(doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have
equivalence but lose it after the first weight update.



Proof Proposition 2

Proof. By induction. By construction this is the case for
Zy, Qo. Suppose it holds for timestep ¢. Then for timestep
t + 1, we have:

E[Zi11(z,a)] = E[R(z,a) + Z; (X', A")]
=E[R(z,a)] +7 Y  P(@'|z,a)r(d|2")E[Z,(2', )]

/ /
x/,a

=E[R(z,a)] +7 ) P(@|z,a)n(d|2')Qs(z’, o)

z’.a’

— Qt+1($, a) []



Tabular, Contains Model, Categorical Distributions

Suppose Z has finite support z; < z9 < ... < 2z then applying:
TEZ(z,a) e R(z,a) +vZ (X', A")

can cause the resulting distribution to require a projection back to the support.

Proposition 3 Suppose Z| = Qo, for Zy € Z,,Q € Q. If
Ziv1: =152y Qi1 :=T"Q,
then also Z; = Q:VteN.
Proof follows from: E[TEZ;] = E[T™Z;] = T™Qq



Methods: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Contains Model: (Have full knowledge of the transition model and policy)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
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ii. Approximate return distributions as categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA
(doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have
equivalence but lose it after the first weight update.



SARSA vs Distributional SARSA (Arbitrary Distribution)

Given transition: / D
Zt(ivt, at) =T+ ’YZt(xt+17 at+1)
(xtv Qt, Tty Tt41, a't-l-l)

_ ) (1—a)Pz,(z,a)+ Pz (z¢, at)
Proale,0) = { Pz, (x,a) if £, # x4, a4

and the SARSA update

Qir1(xe, ) == { gzgfﬁt) B ifx,a # ¢, 04

where §; := (1t + YQ¢(Tt41, ar41) — Qi(Tt, ar)),

Proposition 4: These two policy evaluation methods have expectation equivalence.



Proof: SARSA vs Distributional SARSA

E(Zy+1(21, ar)) ZPZM (2)zi
| N /
Notice

Expand P_(Z_(t+1))

similarities = Z(l — at)PZt (Zz)zz + atPZ’ (Z’&)Zz
between exp oy i

SARSA and =l

dist SARSA

k4 k4
\ = (1 — ) Z Pz (2;)z; + o Z Py (2:)z
i=1 i=1
= (1 — o)E[Z¢ (24, ar)] + Elre. - +vZ1(xe41, @tt1)]
= (1 — at)Qi(zt, at) + atre + vQt(Tt+1, at+1)]
= Qt+1(ﬂ3t, at)



Methods: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Contains Model: (Have full knowledge of the transition model and policy)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
b. Sample Based: (SARSA based updates, i.e. only using samples)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA
(doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have
equivalence but lose it after the first weight update.



SARSA vs Distributional SARSA (with Categorical Dist)

_ D
Recall: Z; (xt, a,t) =T¢+ ’YZt (33t+17 at—l-l)

Difference:
Project onto support

_ )] UA—a)Pz,(z,a)+ Py (z¢, at)
PZt—{—l(x? a’) T { PZt (337&) lf:)?, a 75 Tt, Ay
and the SARSA update
_ ) Qi(z,a8) + tdy
Du1 (@, 8e) = { Q:(z, a) if,a # 2,0,

where 0; := (1 + YQ¢ (11, at41) — Qi (x4, az)), then also



Proof: SARSA vs Distributional SARSA (Categorical)

E(Zi+1(x1, ar)) ZPZM 2)2

k+
- Z(l — at)PZt (zz)zz + atPZé (zz)zz glrf)(jas;?d%sravr;‘ﬁ;ble
=1
k?t kt
— (1 — at) Z PZt (zz)zz + Oy Z PZ (Zz)Zz
i=1 =1

= (1 = at)E[Zt(wt,at)] + Oét]E[Tt- +’)’Zt(33t+17at+1)]
(1 — at)Qi(zt, at) + oulre + YQi(Te+1,at+1)]
Qt+1(ﬂ3t,at)



Methods: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Contains Model: (Have full knowledge of the transition model and policy)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
b. Sample Based: (SARSA based updates, i.e. only using samples)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA
(doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have
equivalence but lose it after the first weight update.



SARSA vs Semi-gradient of Cramer Distance:

Assume approximating distribution with categorical (c-spaced support). Gradient
of squared Cramer w.r.t CDF:

Vrls(Z,Z')[i] = d o

E ~ s .
OF (z;) ¢ Zi:l (FZ(“:t’“t) [Z] - FHC Z(zt41,a¢41)+Te [z])2

Goal Proposition 6: Showing there is a semi gradient update which maintains
expectation equivalence to SARSA (with a slight change in step size).

Results: Semi-gradient w.r.t CDF => Expectation Equivalence

Semi-gradient w.r.t PDF 74 Expectation Equivalence



Methods: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Contains Model: (Have full knowledge of the transition model and policy)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
b. Sample Based: (SARSA based updates, i.e. only using samples)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA
(doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have
equivalence but lose it after the first weight update.



Linear Function Approximation

Q™ (z,a) = 9T¢x,a FZ(x,a)(zi) & ngw,am
Loss Functions

Vo(Q:i(zt,at) — r(zs, at) — Qe(Tis1,a141))?
VwCramer(Zs(zs, a:), 7(xs, at) + Ze(Tp11, App1))?

Update Rule
Wt+1 .= Wt — at(Wt¢xt,at — FZ{ (xtaat))qsz;t,at

0t+1 = Ht — at(g’ir(ﬁwt,at — Tt — 79f¢wt+laat+l)‘ gt,at



Proposition 8. Let Zy € Z4, Qo € Qg and z € RE

such that z is 1-spaced. Suppose that Z £ Qo, and that
Zo(x,a)|zx] = 1 Vzx,a. Let Wy, 0, respectively denote the
weights corresponding to Z; and Q. If Z;1 is computed
from the semi-gradient update rule

Wt—l—l = Wt == at(FZ£ (xta a't) — Wt¢$t,at) Zt,at

and @), 1 is computed according to Equation 2 with the same

step-size o, then also Z = Q:VteN

Takeaway: If 1. Distributions add to 1
2. Distance between bins in distribution is 1 Theta update from last
Then: | | slide
Expectation equivalence holds



Methods: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Contains Model: (Have full knowledge of the transition model and policy)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
b. Sample Based: (SARSA based updates, i.e. only using samples)
i.  No constraint on type of distribution to model returns
ii. Approximate return distributions as categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA
(doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have
equivalence but lose it after the first weight update.



Nonlinear Function Approximation

Created example to show expectation equivalence doesn’t
always hold:

Let: FZ(:ct,at) — U(W¢(xt7 a't))

1. Start with expectation equivalence
2. Fix a transition such that the target and prediction have
the same expectation but different distributions.



Nonlinear Function Approximation

Created example to show expectation equivalence doesn’t
always hold:

Let: FZ(:ct,a,t) — J(W¢(xt7 a’t))

Recall Losses Used

Vo(Q:(zt, at) — m(zt, at) — Qe(Te41, at41))?
VwCramer(Zy(zs,at), (2, at) + Zi(Tis1, @e1))?




Nonlinear Function Approximation

Created example to show expectation equivalence doesn’t
always hold:

Let: FZ(:ct,at) — U(W¢(xt7 a't))

3. Now show that when we take a gradient step (using
gradient of Cramer), the expectation of the predicted
distribution changes but the Q-value didn’t change
expectation equivalence is broken.



Nonlinear Function Approximation

Takeaways:

e This doesn’t prove that for all nonlinear functions that this happens.

e Gradient is taken w.r.t Cramer distance which isn’t the case in many
successful algorithms (Quantile Distributional RL for ex. minimizes
Wasserstein).

e EXxpectation equivalence never breaks in the linear case which might mean
that the benefits of distributional RL seen in practice could have to do with it’s
interplay with nonlinear function approximation.



Recap: Sequence of Proofs

1. Tabular Models: Represent distribution over returns at each (s,a) separately
a. Model Based: (Have full knowledge of the transition model and policy)
i.  No constraint on type of distribution to model returns
ii.  Constrain return distributions to being categorical on fixed support
b. Sample Based: (SARSA based updates, ie only using samples)
i.  No constraint on type of distribution to model returns
ii. Constrain return distributions to being categorical on fixed support
iii. Semi gradient w.r.t CDF update for distributional compared to SARSA
iv. Semi gradient w.r.t PDF update for distributional compared to SARSA (doesn’t hold)
2. Linear Approximations:
a. Semi gradient of Cramer distance w.r.t CDF
3. Non linear Approximation:
a. There exists a non linear representation of the CDF such that initially we have equivalence but
lose it after the first weight update.



Takeaways

1. In cases where they proved expectation equivalence, there isn’t anything to

gain from dist RL in terms of expected return. For ex:
a. Variance of our expected return is same in expected RL and distributional RL since
Var[E(Z)]=Var[Q]
b. If using greedy methods, then policy improvement steps will be equivalent since
expected value is same for each action.

2. Distributional RL and expected RL are usually expectation-equivalent for
tabular representations and linear function approximation.
3. Expectation equivalence doesn’t always hold when using non linear function

approximation.



Experimental Results: Tabular Case (12x12 Grid)

Compare: Q-learning, dist with CDF updates, dist with PDF updates. Using same
random seed, eps-greedy actions: (so end with same results if expectation equiv)

Gridworld
300 1 wW™vviai RN A " f
WAV it
\ A
! \ g-learning
250 A ‘i
P
f\
v \
T 200 \
4 "
g 9
e - a
g 150 J\v‘ﬂvﬂﬂ
" v i
Q
@ \
]
7] 1
100 - L
"
\
\
\
50 4 ~ "\ A
\/
LV PN .
0 20 40 60 80 100 120 140

Episodes



Outline:

4. Experiments



Experimental Results: Linear Approximation

200

150

100

Average eval reward, 1000 steps
wm
o

e

— DQN (0.01)
/ — €51 (0.1)
B — 551 with CDF (0.2)
: =l— 551 with PMF (0.2)
0 50 100 150 200 250 300 350 400

Training steps, Hundreds

Cart Pole

Average eval reward, 1000 steps

-100

-200

-300

—400

=500

QN (0.001)
— (€51 (0.01)
—— S51 with CDF (0.008)
—— S51 with PMF (0.08)

50 100 150 200 250 300 350 400
Training steps, Thousands

Acrobat



Average eval reward, 1000 steps

Experimental Results: Nonlinear Approximation
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5. Limitations



Limitations

e Their results all hold for minimizing Cramer distance but possibly not other
metrics that are used in some successful distributional RL algorithms
(Wasserstein, cross-entropy)

e The algorithm they use through their proofs doesn’t seem to lead to quality
results in practice

e Even though the authors prove that Cramer improves on Wasserstein
limitations distributional RL [1], the empirical results don’t convey this



Open Questions

1. What happens in deep neural networks that benefits most from the
distributional perspective?

2. Is there a regularizing effect of modeling a distribution instead of expected
value?



Questions

1. Derive: Proposition 2. Let Zy € Z and )y € Q, and suppose that
E
Zo = Qo If

Zt+1 = T’th Qt+1 = TWQt,

then also Z; L Q:VteN.

2. What is one of the major benefits of the Cramer projection?

3. What are some possible reasons for the performance improvement of
distributional RL over expected value RL when using non linear function
approximation?
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